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The crossing number of a graph G is the minimum number of pairwise intersections 
of edges among all drawings of G. In this paper, we study the crossing number of 
K n<n - nK 2l K n x P 2 , K n x P 3 and K n x C 4 . 
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1 Introduction and preliminaries 



Let G be a graph, V(G) the vertex set and E{G) the edge set. The crossing number 
\ of G, denoted by cr(G), is the smallest number of pairwise crossings of edges among all 

drawings of G in the plane. We use D to denote a drawing of a graph G and v{D) the 
number of crossings in D. It is clear that cr(G) < v(D). 



Let i?i and E 2 be two disjoint subsets of an edge set E. The number of the crossings 
formed by an edge in E± and another edge in E2 is denoted by vr)(Ei, E2) in a drawing 
D. The number of the crossings that involve a pair of edges in E\ is denoted by vd{E\). 
Then v{D) = v D {E{G)) and v D (E x U E 2 ) = v D {E{) + v D (E 2 ) + u D (E 1 ,E 2 ). 

The Kronecker product G x i? of graphs G and -ff has vertex set V(G x iJ) = V(G) x 
V(H) and edge set E(G x H) = {{(a, x), (6, y)} : {a, 6} € and {x,y} € £(#)}. 
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(The product is also known as direct product, cardinal product, cross product and graph 
conjunction.) 

Computing the crossing number of graphs is a complicated yet classical problem. It is 
proved that the problem is NP-complete by Garey and Johnson j^J. 

Zarankiewicz gave a drawing of K mn , which demonstrated that 

,m,,m — 1 ,,n ,,n — 1, 
cr{K m , n ) < Z(m, n) = [-J L^-J L77J L^~J • 

11] and 7 < n < 8, 7 < m < 10 Q. 



The equality holds for min(m, n) < 6 

Gue [s] and Blazek and Roman [4] gave a drawing of K n in a cylinder (homeomorphic 
to a plane, a sphere), which demonstrated that 

* « „, . 1 , n , . re — 1 . . n — 2 , , re — 3. 
cr(iT n ) < Z(n) = - L 2 J L^-J L^-J L^-J • 

The equality holds for n < 12 (2)]. 

De Klerk, Pasechnik and Schrijver proved cr(K m n ) > 0.8594Z(m,n) and cr(K n ) > 
0.8594Z(n). 

In literature, the Cartesian product has been paid more attention Q, [15I 17], while 
Kronecker product has fewer results on the crossing number j^]. 

In this paper, we study the crossing numbers of K n ^ n — nK2 and the Kronecker product 
K n x P2, K n x P3, x C4. In Section 2, we give upper bounds of cr{K n ^ n — 71X2) and 
cr{K n x P2) by constructing a drawing of K n ^ n — nK2 in a cylinder. In Section 3, we give 
upper bound of cr(K n x P3) by constructing a drawing of X n x P3 based on the drawing of 
K nt n — nK2- In Section 4, we give upper bound of cr(K n x C4) by constructing a drawing 
of -KT n , x C4 based on the drawing of K n ^ n — 11X2, too. In Section 5, we give lower bounds 
of cr(K n , n - nK 2 ), cr(K n x P 2 ), cr(K n x P 3 ) and cr(K n x C 4 ). 

2 Upper bounds of cr(K n ^ n — nK^) and cr(K n x P 2 ) 

Let 

V(K n>n - nK 2 ) = {a i: bi | < i < n - 1}, 
E(K n>n - nK 2 ) = {{a h bj) | < % + j < n - 1}. 

In Figure 12.11 we exhibit drawings D n of -ftT njn — ni^2 in a cylinder for n < 13. A 
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Figure 2.1: Drawings D n for n < 13 

cylinder can be 'assembled' from a polygon by identifying one pair of opposite sides of a 
rectangle Q]. 

From drawings in Figure 12. 1[ we have 
Lemma 2.1. For n < 4, cr{K n ^ n — nK 2 ) = 0. 



For even n > 6, let 



* = {«2i,6 2 i+i | < i < n/2- 1}, 

y = {a 2i+u b 2i | < z < n/2- 1}, 

Fx = {uv \ u,v £ X}, 

Exy = {uv \ u £ X and t> € Y}, 

Ey = {uv | u,v G y}. 



Then 

y(F n , n -nir 2 ) =xijy, xny = 0. 

E(K n ,n -nK 2 ) =E X {J E XY U • 

In drawings D n with even n > 6, vertices 02PI-1, &2|"J] > ' ' ' ; a 2|"|]_3, 6 2 |-n-|_ 2 (ao, 
6i, • • ■ , a n -2) °n-i) of X (y) are placed equidistantly on the perimeter of the top (bottom) 
disk, edges of Ex (Ey) are drawn on the top (bottom) disk, and edges of Exy are drawn 
by shortest helical curves on the cylinder. It follows vd„(Ex , Exy) = ^^(Fy, Exy) = 
u Dn (E x ,E Y ) = and u{D n ) = v Dn {Ex)+VD n {E Y )+VD n {E X Y) = 2v Dn (E x )+v Dn (ExY)- 
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For even n > 6 and n mod 4=2, 

= ±(n£g2d(f-l-d) + f2(^) 2 ) 

_ n(n-2) ~^^r~ _ , n(n-2) z 

2 2 " 6 32 

_ n(n-2)(3n 2 -24n+36-n 2 + 10rt-24+6n-12) 
~~ 192 
_ n 2 (n-2)(n-4) 
96 

For even n > 8 and n mod 4=0, 

»D n {Ex) = § E d =i 2d (§ 

_ n(n-2) 4—^ _ 
— 2 2 
_ n 2 (n-2)(n-4) 
64 

_ n 2 (n-2)(n-4) 
~~ 96 

For even n > 6, 



Hence, for even n > 6, 

i/(D n ) =2i/ Dn (£?x) + ^ n (^) 

_ n. 2 (n-2)(n-4) . n(n-2)(n-3)(n-4) 
~~ 48 24 

_ n(n-2) 2 (n-4) 
~~ 16 

= LfJL^JL^JL^J- 

So we have the following Lemma 12.21 

Lemma 2.2. For even n>6, u(D n ) = [f J L^J L^J L^J ■ 
For odd n > 5, let 





= w, 


hi+i | < i 


<(n-l)/2} 


y 


= W+i,&2i < i 


<(n-l)/2} 


z 


= {a n - 


1, b n -i}, 




Ex 


= {uv 


\ u, v € X}, 




Exy 


= {uv 


and 


VEY}, 


Ey 


= {uv 


u,t)£ Y}, 




Ezxy 


= {uv 


u £ Z and 


v e x\JY}. 



- 1 - d) 

- n 



n~A to 71 — 2 
4 4 2 



n. 2 (n-2)(n-4) 



192 



= »£AE£=i(M-i) 

n — 4 

2=4«=2( re _ 3 ) 
= n ^^ 

_ n(n-2)(ra-3)(n-4) 
~~ 24 
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Then 

V(K n>n -nK 2 ) =X\JY{JZ, X f| Y = X f| Z = Y f| Z = 0. 
- n^ 2 ) = £ x U Sir U #y U fey- 

In drawings D n with odd n > 5, vertices a 2 |- w -i-| l 1 ^f" -1 ] 1 ' ' ' ' a 2r" -1 1 S 1 ^!"" -1 ] 2 
(ao, a n _3,6 n _2) of X (Y - ) are placed equidistantly on the perimeter of the top 

(bottom) disk, vertex o„_i (6 n -l) is placed on the center of the top (bottom) disk, edges 
of Ex (Ey) are drawn on the top (bottom) disk, and edges of Exy are drawn by shortest 
helical curves on the cylinder. For < i < (n — 3)/2, edges a n -ib 2 i (b n -\a 2 i) are drawn 
on the top(bottom) disk, and edges a n -ib 2 i + \ (&n-i«2i+l) are drawn on the top (bottom) 
disk and cylinder. It follows v Dn (E x \JE y \JE X y) = KAi-i), v Dn (Ezxy) = and 

v D n (Ex U Ey U Exy, Ezxy) 

71 — 5 

= (n-l)(2L^JL^J + L^J+E^o^) 

71 — 5 71 — 3 

= (^-i)(L^ i J(2L^J+i) + ^T^) 

= (n- l)( (n ~ 1} 8 (n ~ 3) + ("~ 3 K"- 5 ) ) 

(n-l)(n-3) 2 
~~ 4 

By Lemma [221 

u(D n ) = v Dn (E x U E Y U Exy ) + v Dn (E x U E Y U ^iv, fey) + (fey) 

_ (n-l)(n.-3) 2 (n-5) , (n-l)(n-3) 2 
~~ 16 +4 

_ (n-l) 2 (n-3) 2 
16 

= LfJL^JL^JL^J- 

So we have the following Lemma 12.31 

Lemma 2.3. For odd n>5, v(D n ) = [f J L^J L^J L^J ■ 

By Lemma l2.HI2.3l we have 
Theorem 2.1. For n > 1, cr(K Tl , n - nK 2 ) < L§J L^J L^J L^J • 

Since K n xP 2 = K Ujn — nK 2 , we have 
Corollary 2.1. For n>l, cr(K n x P 2 ) < [f J L^J L^rJ L^J ■ 

3 Upper bound of cr(K n x P 3 ) 

In this section, firstly we introduce some topological tools, and then we give a drawing 
for K n x P3 based on D n . 
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We define a structure Mf r in the real plane M?. For the vertical points (0, 0) and (0, 1), 
let Si = {(7°, lj) : < % < I - 1} (S r = {(rf , rj) : < i < r - 1}) be a set of non-vertical 
bunches of lines in the left (right) semi-plane, such that the point (0, j) belongs to l\ (r\) 
for < i < I — 1 (0 < i < r — 1) and j = 0, 1. In Figure [XT] we show the drawings of Mf 2 
and M| 2 as examples. 




Figure 3.1: Drawings of Mf 2 and M| 2 

By counting the crossings in Mf r , we have 
Lemma 3.1. For positive integers I and r, 

u M? (SO + U M 2 (S r ) = ( 2 ) + Q 

Let 

V(K n x P 3 ) = {0i, li,2i \ < i < n - 1}, 
£(# n x P 3 ) = {(0i, lj), (2i, lj) | < i + j < n - 1}. 
We construct a drawing D' n for x P3 based on D n with M^_! „_! for odd ??, and u _ 2 
or M^_ 2 n for even n. Vertex {pi) (0 < i < n — 1) in its "small" neighborhood in the 

— T~ '"2 

drawing D n is replaced by two vertices Oi and 2i vertically (one vertex li). Now every 
drawn edge e in D n which starts from aj is replaced by a bunch of two edges described 
above, which is drawn along the original edge e. Drawings D' n for n < 9 are shown in 
Figure E2J 

There are totally two types of crossings in D' n . 

Type 1. Crossings produced by the crossings in D n . 

Each crossing in D n will be replaced by 4 crossings in D' n+1 , since we replace every 
edge with a bunch of two edges. 

Type 2. Crossings produced by replacing a vertex of D n by two vertices in 

D' n - 



1(1-1) r(r-l) 
2 2 
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Figure 3.2: Drawings D' n for n < 9 



The total number of crossings of Type 2 are n-u(M^ l _ 1 n-1 ) for odd n and n-v{M\ „_ 2 

IT" ,— 2~~ "2 ,— 2~ ' 

for even n. 

By Lemma 13. 11 for odd n, 

v{D' n ) =±v(D n )+n-v{Ml =1&=1 ) 

2 > 2 

7i—l re — 3 71—1 7i — 3 

= 4L§ J L^J L^J L^J + n(^±- + -v-) 



4L!JL^JL^JL^J+4 I r i JL I ^J- 



For even n, 



n Ti — 2 ) 
2 ' 2 

n n — 2 n — 2 n — 4 

n | | n— 1 | | n— 2 | | n— 3 | i m f 2 2 1 2 2 ' 



= 4L§JL i t 1 JL^JL^J+^( x ^ + 
= 4Lf J L^J L^J L^J + L^J • 



Hence we have 



Theorem 3.1. For n > 1, cr(K n x P 3 ) < 4[§ J L^J L^J L^J + ^L^J L^J • 
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4 Upper bound of cr(K n x C4) 

We define another structure M^ r in the real plane R 2 . For the vertical points (0, 0) and 
(0,1), let S t = {(lloJl^loJlx) :0< i <l-l}(S r = {(r^rl^r^) : < i < r-1}) 
be a set of non-vertical bunches of lines in the left (right) semi-plane, such that the point 
(0, j) belongs to l\ k (H, ) for < i < I — 1 (0 < % < ? — 1), j = 0, 1 and fe = 0, 1. In each 
bunch of lines of S 1 / (SV), there is exact one 'self crossing crossed by 1® X and lj 1 (r^ and 
rli). In Figure UTTl we show the drawings of Mf 2 an d M| 2 as examples. 




Figure 4.1: Drawings of Mf 2 and M| 2 

By counting the crossings in M^ r , we have 
Lemma 4.1. For positive integers I and r, 

»Mf (Si) + v M f (Sr) = (?) + (f) = '(2/ - 1) + r(2r - 1). 

Let 

V(K n x C 4 ) = {0i,li,2i,3i | < i < n- 1}, 

x C 4 ) = {(0i, (li, 2j), (2i, 3j), (3*, 0j) | < i ^ j < n - 1}. 

We construct a drawing Z?" for ZsT n x C 4 based on Z)„ with Mf l _ 1 n _ 1 for odd n and M| n _ 2 

or M„_ 2 n for even n. Vertex aj (&j) (0 < i < n — 1) in its "small" neighborhood in the 

~ir~ '"2 

drawing D n is replaced by two vertices Oi and 2i (li and 3i) vertically. Now every drawn 
edge e in D n which starts from ai (&j) is replaced by a bunch of four edges described 
above, which is drawn along the original edge e. For even n > 4, by drawing edge 
(or £ii)?"ii>'ii) carefully, 2n 'self crossings can be reduced. Drawings D' r [ for n < 9 are 
shown in Figure H~2"l 

Since #1 x C 4 ^ 4ifi and K 2 x C 4 ^ 2C 4 , we have cr(#i x C 4 ) = cr(iT 2 x C 4 ) = 0. 
Now, we consider the cases of n > 3. 
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Figure 4.2: Drawings D'^ for n < 9 



There are totally two types of crossings in D". 

Type 1. Crossings produced by the crossings in D n . 

Each crossing in D n will be replaced by 16 crossings in D" +1 , since we replace every 
edge with a bunch of four edges. 

Type 2. Crossings produced by replacing a vertex of D n by two vertices in 

D" 

The total number of crossings of Type 2 are 2n ■ v(Mt-i n -i ) — Ti(n — 1) for odd n and 



2n-v(Mf l n _ 2 )—n(n—l)—2n for even n. Notice that we have to subtract \E(D n )\ = n(n— 1) 

~2'~ 2~ 



since the 'self crossings of each bunch are counted twice (namely both of the endpoints). 
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By Lemma 14.11 for odd n > 3, 

v(D>£ = 16v(D n ) + 2n ■ v{M^ ^ ) - n(n - 1) 

2 ' 2 

= 16L|J L^J L^J + M« " - 2 ) - n(w - 1) 
= 16Lf J L^J L^J L^J + n{n - l)(2n - 5). 

For even n > 4, 

i/(J^) = 16i/(A0 + 2n • i/(M* B=1 )-n(n-i)-2n 

2 ' 2 

= 16Lf J L^J L^J L^J + 2n(n 2 - 3n + 3) - n(n - 1) - 2n 
= 16 L§ J L^J L^J L^J + n(n " l)(2n - 5). 

Hence we have 

Theorem 4.1. For n>3, cr{K n x C 4 ) < 16LfJ L^J L^J L^J + n(n - l)(2n - 5). 



5 Lower bounds of cr(K n ^ n — uKy), cr(K n x P 2 ) ? cr(K n x P 3 ) and 
cr(K n x C 4 ) 



We shall introduce the lower bound method proposed by Leighton [12j. Let G*i = 
(Vi, -Ei) and G2 = (V2, -B2) be graphs. An embedding of G\ in G2 is a couple of mappings 
(if, k) satisfying 

tp : V\ — > V% is an injection 
k : E\ — > {set of all paths in G2}, 
such that if to € £1 then k(uv) is a path between (p(u) and </?(u). For any e € -E2 define 

cg e ((p,K) = |{/e£i:e£ 

and 

cg{<p,K) = max{cg e (ip,K)}. 

e&E 2 

The value c^(y, k) is called congestion. 



Lemma 5.1. [12| Let k) be an embedding of G\ in G2 with congestion cg((p,K). Let 
A(Cr2) denote the maximal degree of Gi- Then 



cr(Gi) |y 2 | 



cg 2 {ip,K) 2 



2y 
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Let n be the complete bipartite multigraph of m + n vertices, in which every two 
vertices are joined by x parallel edges. 

According to De Klerk and Kainen [l(3|, the following lemmas hold. 
Lemma 5.2. cr{K m , n ) > 0.8594[f J P^J LfJ L^J ■ 
Lemma 5.3. [u| cr(K^ n ) = x 2 cr(K mtn ). 

Now we are in a position to show the lower bound of cr{K n ^ n — nK'i). 
Theorem 5.1. cr(K n>n - nK 2 ) > 0-8J94 ^2 j2 _ n{n _ 1)2 

n-l i 

Proof. By Lemmas I5.1| 15.21 and 15.31 we only need to construct an embedding ((p, k) of 
Kn^n ^ into K n:n — nK% with congestion cg((p, k) = (n — 2)(?i + 2). 

Let a k be the fc-th (n — 1, 2)-arrangement, where a k , /3,f G {0, 1, 2, • • • , n — 1} — {z} 
and a 4 fc / /3f . Let 

V{K^~ l){n ~ 2) ) = {u h Vi\0<i<n-1}, 

E(K^- 1)(n - 2) ) = {( Ul , Vj ) k | < i,j < n - 1, 1 < k < (n - l)(n - 2)}. 
Let </?(iii) = aj, ^(wi) = bi, n{(ui,Vi) k ) = Pa^a & for < i < n - 1, and n((ui,Vj) k ) = 

i ' i 

(oj, bj) for < i ^ j < n — 1. Then cg e (<p, k) = (n — 2)(n + 2) for every e € E(K^ n 1 " n 2 ^). 
This completes the proof of Theorem 15.11 □ 



Since -ff n x P2 - ^n,n — nK2, we have 

0.8594 I n 

(i+^) 2l2J L : 



Corollary 5.1. cr(K n x P 2 ) > -Mf^LfJ'L^J 2 " " I) 2 - 



Similar to the proof of Theorem l5-H by constructing an embedding (ip, k) of K^n n ™ 2 ^ 
into K n x P3 with congestion cg(tp, k) = (n — 2)(n + 2), we can get 

Theorem 5.2. cr(K n x P 3 ) > ji^z^n[^\ [§j L^J - |n(2n - 2) 2 . 

And by constructing an embedding (ip, k) of 2 „ " 2 ^ into if n x C4 with congestion 
05(99, k) = (n — 2)(n + 2), we can get 

Theorem 5.3. cr(K n x P 4 ) > (1 ^ 8 _^ )2 n 2 L^J 2 - 2n(2n - 2) 2 . 
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6 Conclusion 

By Theorem 12.11 Theorem 13. 11 Theorem 14.11 and Theorem I5.1M5.3I we have 

0.8594 n n n — 1 o n n n — In — In — 3 

; L-J L J " n(n - if < cr(K n X P 2 ) = cr(X„,„ - nK 2 ) < L-J L J L J L J: 



(1 + ^tzt) 2 2 2 2 2 2 2 

0.8594 2n — Inn — 1 3 9 nn — In — 2n — 3 n — In — 2 

r™L J L-J L — " — J - -n(2n~2) 2 < cr(K n X P 3 ) < 4 l - J L— — J L — — J L— — J + »L — - — J L — ; — J. 



0.8594 , 2n - 1 , , nn-ln — 2n — 3 

n L J" - 2n(2n - 2) < cr(K n X P 4 ) < 16 L — J L J L J L J + ~ l)(2n - 5) for n > 3. 



2 2 2 2 2 

From Q], we have Lemma 16. II 

Lemma 6.1. Let i be the least number of the edges of a graph G whose deletion from G 
results in a planar subgraph of G, then cr(G) > i. 

By Lemma 16.11 we have 
Lemma 6.2. cr(K 5j5 - 5K 2 ) = 4. 

Proof. Let i be the least number of the edges of graph G = — 5K2 whose deletion 
from G results in a planar subgraph G* of G. Consider G* has 10 vertices, 20 — i edges. 
Let D* be a planar drawing of G* and / denote the number of the faces in D*. Then 
according to the Euler Polyhedron Formula, 

10 -(20 -») + / = 2, 
/ = 12-i. 

Since the girth of G is 4, by counting the number of edges of each face in D*, we have 

(12 -i) x4<2(20-i), 
i > 4. 

By LemmaEH cr(if 5j5 - 5K 2 ) > 4. By Theorem EH cr{K b)b - 5K 2 ) < 4. So cr(K 5j5 - 
5K 2 ) =4. □ 

Furthermore, we have the following conjecture. 
Conjecture 6.1. cr(K n , n - nK 2 ) = [f J L^J L^J L^J • 

Coniecture 16. II holds for n < 5 by Lemma |2. II and Lemma 
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